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0.1 Lesson Overview

In this lesson we shall discuss basic concepts of coordinate geometry, such as lines, circles
and the section formula.

0.2 Problem 1

Which of the following describes the set of values of a for which the curves x2 + y2 = a2 and
y = x2 −a in the real x y-plane intersect at exactly 3 points?

Source : AMC 10A 2018, Problem 21.

0.2.1 The cartesian plane

It is often helpful to use algebra to solve problems in plane geometry. The simplest way to
do this is by introducing an affine structure to the plane in question. In other words, we fix
a point in the plane as the origin, fix two perpendicular rays as the Ox and the O y axes, and
locate each point in the plane using its distances from the axes. Thus, we may identify a plane
with the set R×R, or R2. Geometric figures in the plane then correspond to subsets of R2.

• Line

Any line in the plane corresponds a set of the form

{(x, y) ∈R2 | ax +by = c, a,b,c are real numbers}.

• Circle

A circle corresponds to a set of the form

{(x, y) ∈R2 | (x −a)2 + (y −b)2 = c2, a,b,c are real numbers.}

This can be derived from the distance formula, which will be discussed in the next note.

0.2.2 The section formula

Given a line segment formed by the points (x1, y1) and (x2, y2), the section formula helps us
locate a point (x, y) on the segment which divides it internally in the ratio m : n. It has the
coordinates

(x, y) =
(mx2 +nx1

m +n
,

my2 +ny1

m +n

)
.
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The proof is obtained by taking projections of the points to the axes. The feet of the per-
pendiculars from the points (x1, y1), (x, y) and (x2, y2) to the X axis are (x1,0), (x,0) and (x2,0)
respectively. It is easy to see that the segment joining (x1,0) and (x2,0) is divided in the ratio
m : n by the point (x,0) (property of a trapezium). This means

x −x1

x2 −x
= m

n
,

which simplifies to

x = mx2 +nx1

m +n
.

Similarly, we can project the points onto the Y axis and obtain

x = my2 +ny1

m +n
.
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