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0.1 Lesson Overview

In this lesson we shall continue our discussion of the notions of tangent and secant lines of a
circle.

0.2 Problem 1

In the right triangle ABC , AC = 12, BC = 5, and angle C is a right angle. A semicircle is
inscribed in the triangle as shown. What is the radius of the semicircle?

Source: AMC 8, 2017, Problem 22

Let us understand the underlying concepts first.

0.2.1 Tangents and secants of circles

Given a line and a circle in the plane, there are only three possibilities :

1. The line does not intersect the circle.

2. The line intersects the circle at exactly one point.

3. The line intersects the circle at exactly two points.

When case (2) happens, the line is said to be a tangent to the circle. When case 3 happens,
the line is known as a secant.

Theorem 0.2.1. A tangent line is always perpendicular to the radius passing through the point
of intersection of the tangent with the circle.

Before we can prove this, we need a lemma.

Lemma 0.2.2. The least distance between a point and a line is along the perpendicular line
from the point to the line.
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Proof. Let A be the foot of the perpendicular from C to the line `. Let D be any other point
on the line. As ∆C AD is right angled, we have |C D|2 = |AC |2 + |AD|2 > |AC |2. Thus |C D| >
|C A|.

Proof of Theorem 0.2.1.
Let A be the centre of the circle in question and consider the tangent at the point B . Using

the lemma above, it suffices to prove that AB represents the least distance from the point A
to the tangent line. Let C be any other point on the tangent. As C cannot belong to the circle,
there exists a point of intersection between the circle and AC which lies between A and C .
Let us call it D . Clearly, |AC | = |AD|+ |DC | > |AD| = |AB |. This concludes the proof.
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