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0.1 Lesson Overview

In this lesson we continue our discussion of basic coordinate geometry. Our objects of study
here are the distance formula and the formula for the area of a triangle in terms of the coor-
dinates of its vertices.

0.2 Problem 1

A triangle with vertices as A = (1,3), B = (5,1), and C = (4,4) is plotted on a 6×5 grid. What
fraction of the grid is covered by the triangle?

Source : AMC 8, 2015, Problem 19

0.2.1 The distance formula

Theorem 0.2.1. Given two points (x1, y1) and (x2, y2), the distance between them is√
(x1 −x2)2 + (y1 − y2)2.
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Proof. We may assume without lose of generality that y2 ≥ y1. When y2 = y1, there is not
much to prove as the line joining the two points is parallel to the X axis and the distance
between the points is obviously |x1 −x2|.

Let us now consider the case y2 > y1. Draw the perpendicular from (x2, y2) to the X axis.
It intersects the axis at (x2,0). Afterwards, drop a perpendicular from (x1, y1) to this per-
pendicular. These two perpendiculars intersect at the point (x2, y1). Note that the points
(x1, y1), (x2, y1) and (x2, y2) form a right-angled triangle which has our desired distance as the
length of the hypotenuse. The other two sides have lengths |x1 − x2| and |y1 − y2|. By the
pythagorean theorem, we get our answer to be√

(x1 −x2)2 + (y1 − y2)2.

Think! Can you see why this can be used to give a formula for a circle?

0.2.2 Area of a triangle

Theorem 0.2.2. The area of the triangle formed by the vertices (x1, y1), (x2, y2) and (x3, y3) is
the absolute value of

1

2
[x1(y2 − y3)+x2(y3 − y1)+x3(y1 − y2)].
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Proof. Drop the perpendiculars from the vertices to the X axis. Note that the area of the
triangle can be expressed in terms of the areas of certain trapeziums. Indeed, it is equal to

(Area of red trapezium)+(Area of green trapezium)-(Area of orange trapezium).

The red trapezium is formed by the points (x1, y1), (x2, y2), (x2,0) and (x1,0). Its area is 1
2 |x1 −

x2|(|y1|+ |y2|).
The green trapezium is formed by the points (x1, y1), (x3, y3), (x3,0) and (x1,0). Its area is

1
2 |x1 −x3|(|y1|+ |y3|).

The orange trapezium is formed by the points (x2, y2), (x3, y3), (x3,0) and (x2,0). Its area is
1
2 |x3 −x2|(|y3|+ |y2|).

Thus the area of the triangle is

1

2
|x1 −x2|(|y1|+ |y2|)+ 1

2
|x1 −x3|(|y1|+ |y3|)− 1

2
|x3 −x2|(|y3|+ |y2|).

The form given in the theorem is obtained by making choices on the signs of the coordi-
nates.
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