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Technically, you can define a group action G× S→ S where g1s = s for any
group G. This group action, while not a faithful, does nothing to the set that it’s
acting on, but manages to fulfil the group axioms.

e(s) = s

(g1g2)s = s and g1(g2s) = g1s = s

The trivial action is clearly not one of the more interesting group actions, but
the others aren’t as plain. For example, a group can always act on itself by
conjugation and multiplication. Or, a group could act on the set of cosets of any
normal subgroup.

1 The Group of Non-Zero Real Numbers

A simple example of a group action would be to consider the group of non-zero
real numbers under multiplication R× and the set of all vectors in R3 (call this
V ). We may define the group action R××V →V such that ∀g ∈ R×, g(v) = gv.
Essentially, the result is a scalar product of original vector.

2 The Dihedral Group

As you might guess from the title, the Dihedral Group’s actions is the first of
three group actions we’ll be looking at. As per its definition, the Dihedral group
Dn consists of the symmetries of a regular n-gon.

Imagine a regular n-gon constructed in a Cartesian plane with one vertex at
(0,1). The n-gon has its center at (0,0), and all possible symmetries can be
represented using the generators ρ - an anticlockwise rotation about (0,0) at an
angle of 2π

n - and τ - a reflection about the line x = 0. Note that the specifics
of τ don’t matter; It can be a reflection about any line of symmetry of the n-gon.

Naturally, we could consider the action of Dn on the set of n vertices of a regular
n−gon by considering where each symmetry sends a given vertex. It should be
clear that the group action axioms are met by this definition and other, similar,
group actions such as Dn acting on the set of sides of an n-gon.

An interesting application of this group action would be through the use of not
Burnside’s Lemma: |G|×|X/G|= ∑g∈G |Xg|. Essentially, this is a really useful
group theory result that has applications in combinatorics and uses the concept
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of group actions.

For example, here’s a problem that can be solved using not Burnside’s Lemma:
”The sides of a square are to be colored by either red or blue. How many
different arrangements are there if a coloring that can be obtained from another
by rotation is considered identical?”

3 The Symmetric Group

Sn acting on the set of integers {1,2,3, . . . ,n} is a common group action of Sn.
However, there are others such as the actions of S5 on the mystic pentagons:
pentagons who’s diagonals and edges are coloured red and blue such that a
cycle of 5 diagonals or edges forms from the blue edges and red edges. Note
that two mystic pentagons are the same even if they have the same cycle but for
different colours.
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Above are all six mystic pentagons

By permuting the vertices of a given mystic pentagons using a permutation of
S5, we’d be creating a new mystic pentagon. As you might guess, this gives us
a useful way to define a homomorphism from S5 to a subgroup of S6.
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